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Many-body entangled states are key elements in quantum information science and quantum metrology. One
important problem in establishing a high degree of many-body entanglement using optical techniques is the
leakage of the system information via the light that creates such entanglement. We propose an all-optical
interference-based approach to erase this information. Unwanted atom-light entanglement can be removed by
destructive interference of three or more successive atom-light interactions, leaving behind only atom-atom
entanglement. This quantum erasure protocol allows implementation of spin squeezing with Heisenberg scaling
using coherent light and a cold or warm atomic ensemble. Calculations show that a significant improvement
in the squeezing exceeding 10 dB is obtained compared to previous methods, and substantial spin squeezing is
attainable even under moderate experimental conditions. Our method enables the efficient creation of many-body
entangled states with simple setups and, thus, is promising for advancing technologies in quantum metrology
and quantum information processing.
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I. INTRODUCTION

Many-body entangled states of atoms are at the heart of
quantum information processing [1–3] and quantum metrol-
ogy [4–6], of which squeezed spin states (SSSs) form an
important category. SSSs show fewer quantum fluctuations
along a certain direction than the atomic-shot-noise limit [7]
and, therefore, have attracted considerable interest recently
since many precision measurements can now reach the atomic-
shot-noise limit. Also, spin squeezing can serve as a criterion
to quantify many-body entanglement [8]. A widely used
approach to create such states is to let atoms interact with
a common mode of light, as demonstrated in a variety of
systems including cavities [9–11], cold atoms [12–15], and
vapor cells [3]. In the majority of current experiments, SSSs are
conditioned on a measurement. However, from a fundamental
point of view, fully determined squeezed states, created in an
unconditional way and with maximal entanglement, are still
highly desirable. For this, new techniques are needed that allow
complete control of the quantum noise of atoms and light.

A central problem hindering the achievement of a high
degree of entanglement by light-mediated atom-atom inter-
action is the leakage of atomic spin information via the
light exiting to the environment, which makes the squeezing
process nonunitary and results in mixed states of the atoms
with less squeezing. For instance, in the ground-breaking
proposal of a general spin-squeezing scheme pioneered by
the Takahashi group [16], the performance is limited by
the unwanted atom-light entanglement created during the
squeezing. One way to erase such entanglement is by using
quantum control [17], where homodyne detection of the probe
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optical pulse entangled with the atoms followed by feedback
control can prevent information leakage and, thus, enhance
the amount of achievable squeezing. An alternative approach
is based on an optical cavity [9]. Although these existing
erasure protocols can in principle realize a unitary process, they
require either near-unity-quantum-efficiency detection or low
loss [9,17], which makes their experimental implementation
formidable.

Another outstanding problem in spin squeezing is the lack
of simple approaches for unitary two-axis-twisting (TAT)
spin squeezing. So far, one-axis-twisting (OAT) and quantum
nondemolition detection have been realized, but without
reaching the Heisenberg limit. As pointed out in Ref. [7],
TAT promises squeezing to the Heisenberg limit, but it is
challenging to design an experimentally realistic interaction
process for realizing such a Hamiltonian. Indeed, so far,
only a few theoretical proposals exist [18–22], and most of
them either require special experimental systems such as a
Bose-Einstein condensates or Rydberg atoms or need accurate
multiple-pulse sequences. Therefore, to date, two-axis-twisted
SSSs based on entanglement between atoms (instead of
internal spin [23]) have not been experimentally achieved.

Here, we propose an all-optical interference-based ap-
proach to manipulate the quantum noise of atoms and light,
which provides a novel yet experimentally feasible way to
implement quantum erasure and enables a new scheme for
TAT spin squeezing. Our method employs the interference of
three atom-light interactions, canceling entanglement between
the atoms and the output light, but keeping the effective
nonlinear interaction between atoms. Such a quantum erasure
does not use detection or feedback, is loss tolerant, and is
experimentally feasible. Our scheme does not have special
experimental requirements and involves only an ordinary
polarized coherent laser beam under off-resonant Faraday
interactions with an ensemble of warm or cold atoms. We note
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FIG. 1. Schematic of the proposed setup for two-axis-twisting
spin squeezing. A light pulse passes three times through an atomic
ensemble placed in a magnetic field, with its polarization rotated by
wave plates between the passes. The light exiting the system contains
no information about the atomic spin, and the atomic spin is perfectly
squeezed. See text for details.

that other multipass schemes have been discussed for quantum
memory applications [2,24], but not for spin squeezing.

II. MODEL AND BASIC INTERACTION

We consider off-resonant interactions between the collec-
tive spin of an ensemble of identical atoms J = (Jx,Jy,Jz)
and a coherent light pulse [1,2]. The spin components
satisfy the usual angular momentum commutation relations
[Jy,Jz] = iJx and obey Heisenberg’s uncertainty relation,
(�Jy)2 · (�Jz)2 � |〈Jx〉|2/4. For simplicity we assume the
ground-state atom to be a spin-1/2 system (see Fig. 1).
Before interacting, the atomic spins are polarized along the
x axis, forming a coherent spin state with mean values 〈Jx〉 =
Nat/2,〈Jy〉 = 〈Jz〉 = 0 and variances (�Jy)2 = (�Jz)2 =
|〈Jx〉|/2 = Nat/4, as shown in Fig. 2(a), (i). Such a state will

FIG. 2. (a) Illustration of the spin distribution’s evolution on the
Bloch sphere for the proposed triple-pass scheme. (i) The atomic state
is initially prepared in the coherent spin state. (ii) The atom-light
interaction induces two effects. First, it squeezes the spin uncertainty
along the 3π/4 direction. Second, it rotates the transverse spin around
the x axis at a rate RL, which can be compensated by the Larmor
precession RB , leading to the net effect (iii). (b) Phase-space portrait
of the light’s evolution induced by spin-light interactions. (i) During
the V1 interaction, xL (∝Sy) picks up atomic noise Jz. (ii) After a
rotation produced by WP1 of the phase space with an angle π/3, the
V2 interaction imprints the atomic noise −Jz onto the xL quadrature.
(iii) After another π/3 rotation by WP2, xL “sees” Jz again. The sum
of the three atomic spin contributions to the polarization of the light
is 0, thereby canceling the spin-light entanglement. Dashed arrows
are projections of all the vectors onto the pL axis as explained in
the text.

be squeezed according to the Wineland criterion [25] if

ξ 2 = Nat(�Jθ )2

|〈Jx〉|2
< 1, (1)

where Jθ = Jz cos θ − Jy sin θ with θ ∈ [0,2π ]. The input
light pulse is composed of a strong x-polarized compo-
nent with carrier frequency ω0 = 2πc/λ and a weak quan-
tum component polarized along the y direction. The y-
polarized component is relevant here and, in the narrow
frequency band limit, can be described by spatially local-
ized modes [26] xL(r) = 1√

4π

∫
b
dω(aye

−i(ω0−ω)r/c + H.c.),

pL(r) = − i√
4π

∫
b
dω(aye

−i(ω0−ω)r/c − H.c.) with commuta-
tion relations [xL(r),pL(r)] = icδ(r − r ′), where the spatial
argument r denotes the distance along the optical path, ay

is the annihilation operator for y-polarized photons, b is the
bandwidth of the pulse, c is the speed of light, and the delta
function has width c/b. Note that xL (pL) is in fact proportional
to the Stokes vector Sy(Sz) on a Poincaré sphere [1]. The
quantum component is initially in a vacuum state such
that 〈xL(r)〉 = 〈pL(r)〉 = 0, 〈xL(r)xL(r ′)〉 = 〈pL(r)pL(r ′)〉 =
icδ(r − r ′). If the light pulse propagates along the z axis and
is tuned far off the atomic resonance, the forward scattering
process in a one-dimensional model is described by the
Faraday-type Hamiltonian [2,26]

V1 = h̄χ√
T

JzpL(r = 0) ∝ JzSz, (2)

where the dimensionless coupling constant is given by χ2 =
ηα0/2Nat, with the decay parameter η = Nphσ
2/A�2 and
the optical depth (OD) on resonance α0 = Natσ/A. Here Nph

is the overall photon number of the pulse with duration T,
σ is the scattering cross section, 
 is the natural line width
(HWHM) of the atomic transition, A is the effective beam
cross section, � is the detuning from the optical transition,
and the sample is assumed to be located at r = 0.

The key physics of the Hamiltonian JzSz, (2), can be
summarized as follows: For light propagating along z, the
Stokes vector precesses around the z axis at a rate proportional
to the atom spin Jz. If the light is x polarized (S = Sx), then
its Sy component will pick up the atoms’ Jz information.
Similarly, if atoms are polarized along x, under evolution
governed by this Hamiltonian, their Jy component will pick
up the light’s Sz information. Therefore, the atoms and light
act as a quantum data bus for each other.

III. WORKING PRINCIPLE OF QUANTUM ERASURE

With the above physical picture, the principle of our
three-pass interference-based quantum erasure can be un-
derstood. As shown in Fig. 1, an x-polarized light pulse
propagates along z and passes through the atomic sample
three times, with its quantum components (in the y-z plane
of the Poincaré sphere) rotated by two wave plates (WP1
and WP2) between passages. From Hamiltonian (2), one
readily derives, for a single pass, the input-output rela-
tions [2], xout

L = x in
L + χJ in

z , pout
L = pin

L , J out
y = J in

y + χJxp
in
L ,

and J out
z = J in

z , where x
in,out
L and p

in,out
L are the normalized

light quadrature, defined as q in
L = (1/

√
T )

∫ T

0 dτqL(−cτ,0),
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qout
L = (1/

√
T )

∫ T

0 dτqL(cT − cτ,T ) with q ∈ {x,p}, and for
the atomic spin Jin = J(0), Jout = J(T ). One can see that after
one interaction, the x quadrature (Sy) of the outgoing field
now carries information about Jz. Then we assume that the
Stokes vector is rotated by WP1 around the x-axis of the
Poincaré sphere before interacting with the sample again.
If the polarization rotation is 90 ◦, then after the second
pass, J out′

y 	 J in
y + χJx(x in

L + pin
L ) + χ2JxJz, J out′

z = J in
z . At

this stage, the result of the two-passage interaction is exactly
the same as the previous double-pass (DP) scheme, which
realizes nonunitary one-axis-twisting squeezing [16]. On the
one hand, light picks up the atomic information Jz and
imprints it onto Jy , inducing an OAT nonlinear spin dynamics
represented by the JxJz term; but on the other hand, light
leaves its quantum noise (that is, xL + pL) imprinted on
the atoms, producing unwanted entanglement between the
light and the atoms, which prevents the realization of an
ideal one-axis twisted state and greatly reduces the amount
of achievable squeezing [16]. An immediate solution is to
perform a projection measurement of the exiting light followed
by an electronic feedback control [17]. Instead, here we
propose disentangling the collective spin and light in a purely
optical way by adding a third interaction. The essential idea
is to appropriately adjust the light polarizations (only their
quantum components) between passes so that the spin-light
entanglement created by all passes destructively interferes,
leaving only the net effect—a nonlinear OAT of the collective
spin, ∝J 2

z . Therefore, the quantum erasure is built into the
interaction.

We describe the choice of the polarization rotation angles
between passes using the vector plots [Fig. 2(b)], where we
consider the evolution of a point in the phase space of light
(also on the Poincaré sphere). From the light’s point of view, it
experiences the atoms’ collective spin three times successively,
and according to the JzSz Hamiltonian, atomic information
equal to χJz (solid red arrow) is added to xL (∝Sy) each time,
as depicted separately by the three plots in Fig. 2(b). The
second pass picks up noise −χJz since the light propagation
direction is reversed. If the Stokes vector is rotated by 60 ◦
between each interaction, then after the third interaction, the
three solid red arrows add up to 0 [Fig. 2(b), (iii)], it means that
the light exits without containing any information about the
atomic spin. From the atom’s point of view, in each pass, its Jy

component obtains noise from the Sz component (pL) of the
light, as indicated by dashed arrows on the pL axis in Fig. 2(b).
If we sum up all the pL (Sz) vectors from the three panels in
Fig. 2(b), with a minus sign for the second passage (again, due
to the reversed light prorogation direction), it can be seen that
only the component proportional to χJz [dashed red arrow in
(ii)] is left. This fact that the atoms’ Jy component is displaced

by an amount
√

3
2 χJz indicates exactly the dynamics governed

by the J 2
z OAT Hamiltonian.

IV. IMPLEMENTATION OF A UNITARY
TWO-AXIS-TWISTING SPIN SQUEEZING

The above scheme for the unitary OAT Hamiltonian J 2
z

can be extended to a TAT spin-squeezing scheme. First, one
can write J 2

z = (J 2
z − J 2

y )/2 + (J 2
z + J 2

y )/2, where the first
term refers to the TAT transformation, which creates pure

squeezing with exponential growth along the 3π/4 direction
of the YZ plane [Fig. 2(a), (ii)], and the second term makes
the transverse spin components rotate around the x axis
(denoted RL), which causes the unwanted swirling effect [7].
Next, the spin dynamics induced by this second term is
J̇y = (JxJz + JzJx)/2 	 NatJz/2,J̇z = −(JxJy + JyJx)/2 	
−NatJy/2, which indicates (J 2

z + J 2
y )/2 	 −NatJx/2.

Therefore, a constant magnetic field in the x direction can
impose an opposite Larmor precession RB with respect to RL

and, thus, cancel the light-induced rotation, leading to a pure
TAT spin state [Fig. 2(a), (iii)].

We now describe formally the creation of the two-axis-
twisted spin state. Our TAT scheme (Fig. 1) relies on the near-
simultaneous passage of a light pulse for three times through
the atomic sample, placed in a homogeneous magnetic field.
The pulse’s spatial length is assumed to be much longer than
the loop length between mirrors so that the laser pulse encoun-
ters itself in the cell. Such overlap is key to the current scheme,
since (see below) it allows a continuous light-induced rotation
RL, which can then be instantaneously eliminated by the
magnetic field, enabling a one-step realization of TAT. We note
that pulse overlap is not necessary for the above unitary OAT
scheme. After the first pass, WP1 (with the optical axis along
the x direction) introduces a relative phase shift α between the
x- and the y-polarization component, giving rise to a rotation
of optical quadratures xL and pL [Fig. 1(b), (ii)] around
the x axis: xL → xL,α = xL cos α + pL sin α, pL → pL,α =
pL cos α − xL sin α. Next, the beam is reflected back into the
sample, at a small angle φ with respect to the −z direction.
In the limit φ → 0, one approximately obtains the interaction
V2 = − h̄χ√

T
JzpL,α(d1), where the spatial argument reflects the

fact that this interaction happens after the pulse has traveled
some distance d1 in the loop between the mirrors and the minus
sign stems from the change of the light propagation direction.
Then, after passing WP2 (also with its optical axis along the x

direction) and traveling a distance d ′, the third interaction V3 =
h̄χ√

T
JzpL,β(d2) happens, where d2 = d1 + d ′ and β = α + α′,

with α′ the relative phase shift induced by WP2. Altogether, the
triple-pass interaction can be described by H = HA + HL +
V1 + V2 + V3, where HA = h̄�Jx refers to the precession of
Jy and Jz around the x axis at frequency � due to the magnetic
field, and HL denotes the Hamiltonian for the free-space
radiation field. From this Hamiltonian, one may evaluate the
Heisenberg equations for the light and atoms, yielding the
following equations of motion (see Appendix A for details):

d

dt
Jy(t) = −�Jz(t) + χ√

T
〈Jx〉[pL(0,t)

−pL,α(d1,t) + pL,β(d2,t)], (3)

d

dt
Jz(t) = �Jy(t), (4)

(∂t + c∂z)xL(r,t) = cχ√
T

Jz(t)[δ(r) − δ(r − d1) cos α.

+ δ(r − d2) cos β], (5)

(∂t + c∂z)pL(r,t) = − cχ√
T

Jz(t)[δ(r − d1) sin α

+ δ(r − d2) sin β], (6)
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where we have assumed that the spin-light coupling is weak, so
that the spin orientation does not deviate much from the x di-
rection during the interaction. Under this assumption one may
omit the time evolution of the x component and replace Jx with
its average value. Equation (3) has a clear interpretation: At a
certain instant in time t , the collective spin Jz simultaneously
receives information from three light spatial modes, which
reflects the fact that these spatial modes overlap in the cell. To
solve the atomic equation, (3), we first solve Eqs. (5) and (6)
for the light and then substitute the results into Eq. (3), yielding

d

dt
Jy(t) = −�Jz(t) + χ2

T
〈Jx〉[sin αJz(t − d1/c).

− sin(α − β)Jz(t − d2/c + d1/c)

− sin βJz(t − d2/c)] + χ√
T

〈Jx〉FL(t), (7)

with FL = (1 − cos α + cos β)pL(−ct,0) − (sin β − sin α)
xL(−ct,0). The terms in square brackets denote the atomic
information brought back by light, whose time arguments
reflect the time when the collective spin Jz is interacting
with the respective light field. The last term in Eq. (7)
indicates that the light leaves its information FL in the
sample, which, as analyzed above, is unwanted for spin
squeezing. However, if WP1 and WP2 are both λ/6 wave
plates, we have α = π/3 and β = 2π/3, which means
FL = 0. This is consistent with the intuitive plots in
Fig. 2. Moreover, to further simplify Eq. (7), we make
the experimentally feasible assumption that d1,2/c � 1/�,
which means that the elapsed time during the light running in
the loop is much shorter than the Larmor period [27]. Under
this assumption, we approximately have Jz(t − d1,2/c) 	
Jz(t − d2/c + d1/c) 	 Jz(t) and, finally, obtain

d

dt

(
Jy(t)
Jz(t)

)
=

(
0

√
3κ2

2T
− �

� 0

)(
Jy(t)
Jz(t)

)
, (8)

where we have defined the dimensionless coupling constant
κ2 = χ2〈Jx〉 = NphNat(σ
/A�)2.

Next, we let � = √
3κ2/4T , which means that the angular

velocity of the transverse spin induced by the magnetic field is
the same as the angular velocity caused by the OAT dynamics,
but with opposite direction. Under this condition, Eq. (8) can
be directly solved to yield

J out
π/4 = e

√
3κ2

4 J in
π/4, J out

3π/4 = e−
√

3κ2

4 J in
3π/4, (9)

which represents the main result of this paper. It is evident
that a pure TAT transformation UTAT = e−i

√
3χ2(J 2

y −J 2
z )/8 is

successfully applied to the spin state. Spin fluctuations are now
squeezed along the θ = 135◦ direction of the transverse spin at
a rate that shrinks them exponentially, yielding the squeezing
parameter [Eq. (1)] ξ 2 = exp(−√

3κ2/2). Compared to the DP
scheme, whose squeezing parameter is ξ 2

DP = 1 + (κ4/2 + κ2)
[1 −

√
1 + 4/(2 + κ2)2] ⇒ limκ→∞2/κ2 [17], our scheme

strongly enhances the degree of squeezing.

V. IMPERFECTIONS

So far, we have neglected the imperfections of the scheme.
In deriving Eq. (2), we have assumed φ → 0 for the angle
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FIG. 3. Calculated squeezing vs photon number (expressed in
terms of atomic decay η̃) and optical depth α0, for three values
of photon loss. (a) Optimal squeezing ξ 2 vs total photon number
for φ = 0.05 and α0 = 50. (b) Peak squeezing vs optical depth α0.
Lines with symbols from top to bottom: no optical loss ζ = 0%
(blue line with circles), ζ = 2% (green line with squares), ζ = 6%
(brown line with diamonds), and φ = 0.05. Dashed lines denote the
case of no optical loss and φ = 0. Inset: Performance of different
ideal spin-squeezing protocols versus optical depth, from bottom to
top: double pass in [16] (open squares), our OAT (open diamonds),
and our TAT (open circles).

between the beams. Although, in principle, the angle φ can be
made arbitrarily small by, e.g., prolonging the length d1,2 of
the loop, it remains finite. As a result, the pL quadrature will see
not only the spin Jz, but also Jy during the second and the third
passages, which effectively transforms the interaction into
V2 → V ′

2 ∝ Jπ+φpL,α , V3 → V ′
3 ∝ J2π−φpL,β . Also, atomic

decay from the weakly populated excited state causes a
random rotation of the ground-state spin and shortens the total
spin, 〈Jx〉 → 〈Jx〉(1 − η̃), where η̃ ≈ 3η, with the factor of 3
originating from the light overlap in the atomic sample and η

being proportional to the intensity of the input optical field.
We neglect spin decoherence from wall collisions (see the next
paragraph). Correspondingly, the transverse spin components
now evolve as J̇i = i[H,Ji]/h̄ − η̃Ji/2T + √

η̃/T fJi
with

i ∈ {y,z}, where fJi
represents the Langevin noise operators

with zero mean and 〈fJi
(t),fJi

(t ′)〉 = 〈Jx〉δ(t − t ′)/2.
Furthermore, the light is subject to loss. The above decay

event acts as a source of absorption or decoherence for light and
reduces the probe photons by the factor ε = Natη/Nph [28].
Another loss mechanism is reflection off the cell walls due
to their finite reflectivity r0. Leaving and re-entering the
cell through one window gives reflectivity r = 2r0. The loss
effect can be modeled as a beam-splitter-type admixture of
vacuum components, which transforms the quadratures at r =
dn (n = 1,2) into q(dn) → √

1 − nζq(dn) + √
nζfLq,3n [29],

where ζ = ε + 2r0 denotes the overall loss rate caused by
crossing the sample through two cell walls, and fLq,3n =∑3n

i=1 f i
Lq/

√
3n represents the vacuum noise operator, with

f i
Lq the Langevin operator of light admixed during the ith

crossing.
After considering all the above imperfections (see

Appendix B for details) and optimizing the protocol with
respect to the magnetic field and the relative phases introduced
by the wave plates, we obtain curves showing (Fig. 3) the
squeezing ξ 2 vs the photon number (drawn as the decay
parameter η̃) for different photon losses, with φ = 0.05 and
the optical depth α0 = 50. As shown, for each photon loss
ζ , there exists a maximal squeezing, achieved at a certain
photon number (∝η̃). Strong squeezing of more than 7.4 dB
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(a)

(b) (c)

FIG. 4. (a) Phase-space portrait of the light’s noise evolution
induced by the multipass scheme (we here depict the nine-pass as
an example). During the first path, atomic noise Jz is mapped onto xL

(∝Sy). (ii) After a polarization rotation by an angle 2π/N produced
by a wave plate, the second path imprints the atomic noise Jz onto
the xL quadrature. (iii) After another 2π/N rotation by the wave
plate, xL “sees” Jz again. After the (N − 1)th rotation by the wave
plate and the N th path, we finally arrive at (iv). The sum of the N

spin contribution is 0 to ensure the cancellation of the spin-probe
entanglement. Dashed red arrows along the xL axis are the atomic
information brought back by light in each path. (b) For the case of
TAT, the dependence of the squeezing ξ 2 on the optical depth α0 for
different numbers of passes N , with N = 7, 4, and 3, from top to
bottom. (c) Dependence of squeezing on the number of passes N , for
α0 = 50, with optical loss of 0, 0.5%, and 1% per pass, from top to
bottom. We assume φ = 0 in both (b) and (c).

is achievable for ζ = 2%. For ζ = 6%, a very respectable
squeezing of 6.2 dB is still seen. The peak squeezing as a
function of α0 for different light losses is plotted in Fig. 2(b).
For an atomic system with the large OD of α0 = 100, the
degree of squeezing created should be as high as 10.9 dB
for ζ = 2%. A comparison of the performances of different
protocols [inset in Fig. 3(b)] shows that our schemes greatly
enhance the amount of achievable squeezing. The increase in
squeezing compared to that in the scheme without quantum
erasure [16] is about 10 dB for an OD of 500.

VI. GENERALIZATION TO MULTIPASS
QUANTUM ERASURE

We found that, to realize the above unitary OAT and TAT
spin squeezing, the number of passes through the atomic
medium does not have to be three. In fact, we can generalize the
current three-pass scheme to an N -pass (N � 3) scheme. To
illustrate how this works, we again use the phase-space portrait
of the light’s noise evolution as shown in Fig. 4(a). For simpler
illustration, we assume that the point in the phase space for
light initially is at the origin of the xLpL plane. Furthermore,
we assume that, during each interaction, xL (∝Sy) picks up
only the atomic +Jz contribution, which can be realized by
using an optical-ring-cavity-like configuration where all the
N light passes go through the atomic medium along the same
direction. As shown in Fig. 4(a), in each path the probe light
picks up information about Jz, which is proportional to the
coupling constant χ . Similarly to the three-pass scheme above,
the sum of the spin contribution from the N -pass interaction

should be 0 to erase the spin-probe entanglement [see Fig. 4(a),
(iv)], which requires a rotation of the Stokes vector around the
x axis by an angle θ = 2π/N after each path. From the point of
view of the atoms, after the first path the atoms start to receive
information about the Sz (∝pL) of the light in the amount �i

for the ith path, where Sz in each pass is the projection of all the
vectors (denoted by red arrows) onto the pL axis. For instance,
for the second pass, the atoms obtain the Sz contribution
�2 = χ2Jz sin θ [see Fig. 4(a), (ii)], and for the third pass,
�3 = χ2Jz(sin θ + sin 2θ ). Finally, for the N th path, we have
�N = χ2Jz(sin θ + sin 2θ + . . . + sin[(N − 1)θ ]). After all
the passes, the atomic spin obtains the information

� =
N∑

i=2

�i = χ2Jz

N−1∑
n=1

(N − n) sin(nθ)

= N

2
cot

(
π

N

)
χ2Jz. (10)

Apparently, for N = 3, the atomic information accumulated is
� = √

3χ2Jz/2, which agrees with the result derived above.
For large N , we have � 	 N2χ2Jz/π ∝ N2α0, where the
enhancement factor of N2 on the coupling coefficient χ2 will
be reduced to N after we take into account the decay of the
collective spin due to spontaneously emitted light or optical
loss from the optical windows or mirrors. We found that for
large N , the squeezing factor is ξ 2 ∝ 1/(Nα0).

We have carried out numerical calculations for different
numbers of round trips in the presence of atomic spin loss
and optical loss. In Fig. 4(b), we show in the TAT case the
squeezing factor ξ 2 vs the optical depth α0 for three numbers
of total passes, N = 3, 4, and 7, respectively. Here, the atomic
spin loss has been considered, but the optical loss and the
angle between the beam passes have been neglected, and
we have optimized the laser power for each calculated data
point. As can be seen, with the increase in N , the amount of
attainable squeezing is significantly improved. In Fig. 4(c),
the dependence of squeezing ξ 2 on N is shown for a relatively
low OD, α0 = 50, for different values of optical loss and with
spin loss taken into account. The laser power has also been
optimized for each data point. It is shown that when the optical
loss is 0 (upper curve), ξ 2 scales linearly with N for large
N . With finite mirror loss, there is an optimal value for N

and it increases when the optical loss decreases. Therefore,
the multipass approach provides a possible way to realize
ultrastrong spin squeezing in low-optical-depth systems, such
as room-temperature vapor cells. Furthermore, this multipass
scheme should be extendable to an optical ring cavity system,
where a cavity birefringence can be introduced to play the
role of the wave plates here, and the amount of birefringence
can be optimized according to the cavity loss to allow many
successive sets of the N -pass quantum erasure described here,
but with descending laser power.

VII. EXPERIMENTAL FEASIBILITY
OF THE THREE-PASS SCHEME

Our TAT scheme can be implemented in both cold-atom and
room-temperature atomic vapor cell systems. Here, we take the
latter as an example. Consider a paraffin-coated glass cell filled
with warm 87Rb atomic vapor. First, two circularly polarized
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beams, which are resonant with the 5S1/2, F = 2 → 5P1/2 and
5S1/2, F = 1 → 5P3/2 transitions, are sent through the sample
along the x direction to pump nearly all the atoms to the ground
hyperfine state |F = 2,mF = 2〉 forming the coherent spin
state. Next, a probe pulse tuned to the D2 line (
 = 3.03 MHz)
at the large blue detuning of around � = 1 GHz is turned
on. The probe now couples all five ground states |mF =
0,±1,±2〉, which leads to the effective Hamiltonian [30],
Heff ∝ a1(�)JzSz + a2(�)(φ0J

2
z − S−J 2

+ − S+J 2
−) with J± =

Jx ± iJy and S± = Sx ± iSy , where φ0 is the photon density,
and a1 and a2 are the dimensionless atomic vector and tensor
polarizabilities [2,26]. The second term proportional to a2 is
the higher-order couplings between the probe and the atoms.
For large detunings, the vector polarizability a1(�) → 1/24
and the tensor polarizability a2(�) → 0. Then we can neglect
the tensor polarizability and keep only the Faraday-type
interaction. For a cylindrical cell of diameter 2.5 cm and length
2.5 cm containing 2.0×1012 atoms (corresponding to the
Heisenberg limit, 120 dB) at temperature T = 325 K (atomic
density 1.7×1011 cm−3), a resonant optical depth α0 = 50
can be achieved. For optimal squeezing, the decay parameter
η̃ should be within the range 0.10–0.30, corresponding to
a photon number per pulse of the order of 1014, with a
duration of about 5 ms (spin decoherence by the wall is
negligible since the typical T2 time is more than 100 ms)
at the power of 5 mW. Under these conditions, the photon
loss ε due to atom scattering is less than 2.0×10−3 and can
be safely neglected. Meanwhile, under the same condition,
φ = 0.05, as in the previous section, the distinguishability
� (see Appendix C for more detail) is around 1.6×10−2,
which sets a limit to the maximal achievable squeezing of
18 dB. Since the typical amount of squeezing for α0 around
50 (see Fig. 3) is far less than 18 dB, we conclude that
imperfect overlap between the beams does not substantially
limit the efficiency of the scheme and can be ignored. For
a moderate reflectivity, r0 = 1% [31], peak squeezing of
7.4 dB is obtained at η̃ = 0.26, corresponding to the coupling
constant κ = 2.08. The magnetic field added should satisfy
B = √

3h̄κ2/(4gF μBT ), with gF the hyperfine Landé g factor
and μB the Bohr magneton. For the typical duration of 5 ms,
the magnetic field needed is about 0.38 mG, corresponding to
a Larmor frequency of 270 Hz. Finally, we note that, although
the overlapping laser beams can form a standing wave and
introduce an inhomogeneous laser intensity distribution within
the atomic sample, it can be averaged out by atomic motion
for warm atoms, and in cold atoms it can be eliminated by
offsetting the frequency of the three beams to form a moving
standing wave.

VIII. CONCLUSION

One additional benefit of our TAT scheme is the existence
of the magnetic field. In most spin-squeezing experiments,
a magnetic field is added for spin noise detection at the
Larmor frequency to avoid technical noise near dc; however,
the resulting back-action diminishes the squeezing and needs
to be eliminated with complicated experimental configura-
tions [2,32]. Here, since the magnetic-field-induced Larmor
precession is built into the scheme, there is simply no
back-action. The squeezing process can be understood as a

continuous swapping of spin-light entanglement created by
the Faraday interactions into spin-spin entanglement. Another
intriguing feature of the current TAT method is that it relies
on the “simultaneous passage” mechanism, which removes
the impractical requirement of long delay lines between
passages [33] and greatly simplifies the experiment.

In summary, we have presented a novel scheme for quantum
erasure which enables unitary spin squeezing. Schemes for
realizing both one-axis- and two-axis-twisting spin squeezing
of an atomic ensemble are presented. Under Faraday-type
interactions, pure SSSs can be created by simply passing an
optical pulse through the Larmor precessing spins three or
more times. Neither projective measurements nor feedback
control is required. Taking into account the noise effects
imposed by several incoherent processes, our calculation
shows that substantial squeezing is still obtainable under
moderate experimental conditions. This proposal points to new
approaches to quantum erasure and unitary spin squeezing
and, thus, will advance technologies for quantum metrology
and quantum information processing.
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APPENDIX A: ATOM-LIGHT INTERACTIONS
AND EVOLUTION OF THE SPIN STATE

1. Atom-light interactions

In this Appendix, we present a simple derivation of the
Faraday-type Hamiltonian (2), for a two-level system. A
more detailed derivation of the effective Hamiltonian for full
multilevel coupling can be found in [2] and [26]. The Faraday-
type interaction relies on off-resonant coupling between light
and an atomic sample, as shown in Fig. 5. The incident light
is an x-polarization mode in a strong coherent state, with
central frequency ωc and a narrow bandwidth b. The scattered
light propagating in the forward direction is collectively

FIG. 5. A coherent pulse propagating in the z direction interacts
off-resonantly with an ensemble of atoms with ground states |↑g〉,|↓g〉
and excited states |↑e〉,|↓e〉. The x polarization of the pulse is in a
strong coherent state (blue arrow) and the y polarization is in the
vacuum state (gray arrow). The forward-scattered light is in the y

polarization and also propagates along z (red arrow).
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enhanced [34], which is in y-polarization mode and is relevant
here, while light scattering in other directions is treated as
noise. Here, for simplicity, we consider a single-mode light
with wave number k interacting with a cloud of atoms with the
relevant level structure shown in Fig. 5. In a frame rotating at
the frequency ωk = kc of light, the interaction Hamiltonian is
given by

H =
Nat∑
l=1

[h̄gk(ak,+|↓e,l〉〈↑g,l| + ak,−|↑e,l〉〈↓g,l| + H.c.)

+ h̄�k(|↑e,l〉〈↑e,l| + |↓e,l〉〈↓e,l |)], (A1)

where gk is the coupling strength, ak,+ = (−ak,x + iak,y)/
√

2
and ak,− = (ak,x + iak,y)/

√
2 denote the annihilation op-

erators of right and left circularly polarized light modes,
respectively, and �k = ωat − ωk is the detuning. For large
detuning �k � g, we can adiabatically eliminate the excited
states |↑e〉,|↓e〉 and obtain the effective Hamiltonian

Heff = − h̄g2
k

�k

Nat∑
l=1

(|↑g,l〉〈↑g,l|a†
k,+ak,+ + |↓g,l〉〈↓g,l|a†

k,−ak,−).

(A2)

Equation (A2) indicates that the influence of the light mode
on the spins can be understood as the ac Stark shift induced
by the imbalance between σ+ and σ− components, which
thus changes the relative phase between |↑g〉 and |↓g〉. In
turn, the slight population differences between |↑g〉 and |↓g〉
cause a tiny rotation of the linear polarization, known as the
Faraday effect. Using the relation between linear and circular
annihilation operators, Eq. (A2) can be reexpressed as

Heff = − h̄g2
k

�k

[
NatN

k
ph − 1

2i
(a†

k,xak,y − a
†
k,yak,x)

×
Nat∑
l=1

(|↓g,l〉〈↓g,l| − |↑g,l〉〈↑g,l|)
]
, (A3)

where Nk
ph = a

†
k,xak,x + a

†
k,yak,y is the number of photons.

The first term in (A3) gives rise to an overall Stark
shift of the ground states and can thus be ignored. We
now introduce the definition of Stokes operators for light
Sk,x = (a†

k,xak,x − a
†
k,yak,y)/2, Sk,y = (a†

k,xak,y + a
†
k,yak,x)/2,

and Sk,z = (a†
k,xak,y − a

†
k,yak,x)/2i, satisfying the angular

momentum-type commutation relations [Sk,y,Sk,z] = iSk,x .
By use of the spin definition for collective atoms Jz =
1
2

∑Nat
l=1 (|↓g,l〉〈↓g,l| − |↑g,l〉〈↑g,l|), the Hamiltonian takes the

form Heff = 2h̄g2
k

�k
JzSk,z. Since the x-polarized mode is in a

strong coherent state, we can replace ak,x with its expectation
value 〈ak,x〉 and get Heff ∝ −i(ak,y − a

†
k,y)Jz/

√
2 = pk,LJz.

By taking into account all of the light modes in the narrow
bandwidths b [34], one will finally arrive at Hamiltonian (2).

It is noteworthy that, for the Hamiltonian we consider here,
it is the intensity of the light that affects the phase of the atomic
spin through the ac Stark shift, and the phase of the light
does not enter directly. This is different from many quantum
memory protocols where the phase of the light is mapped onto
the atomic spin. This fact helps to simplify the analysis of the
effects of nonoverlapping beams in the following sections.

2. Evolution of the spin state

According to the Hamiltonian H given in the text, one
may evaluate the Heisenberg equations ∂tJ = 1

ih̄
[J,H ] for

atoms and the Maxwell-Bloch equations (∂t + c∂z)q(z,t) =
1
ih̄

[q(z,t),H ] for light [26], yielding

d

dt
Jx(t) = − χ√

T
Jy[pL(0,t) − pL,α(d1,t) + pL,β(d2,t)],

(A4)

d

dt
Jy(t) = −�Jz(t) + χ√

T
Jx[pL(0,t)

−pL,α(d1,t) + pL,β(d2,t)], (A5)

d

dt
Jz(t) = �Jy(t), (A6)

(∂t + c∂z)xL(r,t) = cχ√
T

Jz(t)[δ(r) − δ(r − d1) cos α

+ δ(r − d2) cos β], (A7)

(∂t + c∂z)pL(r,t) = − cχ√
T

Jz(t)[δ(r − d1) sin α

− δ(r − d2) sin β]. (A8)

The first terms in (A5) and (A6) describe the Larmor preces-
sion of the atomic system around the x axis, while the first term
in (A4) and the second term in (A5) describe the rotation of the
collective spin around the z axis caused by the three successive
light passes through the atomic ensemble. To simplify this set
of coupled equations, we make the experimentally reasonable
assumption that the spin-light coupling is weak, so that the
light-induced rotation of the collective spin is small. Under this
assumption, one may neglect the deviation of the macroscopic
component Jx from the x direction after the interaction
[Eq. (A4) can therefore be omitted] and treat the operator Jx

with a c number, Jx ≈ 〈Jx〉. Next, we introduce a new position
variable, r̃ = ct − r , which represents a coordinate system
fixed on the light pulse and allows us to denote particular pieces
of the propagating pulse easily [2,26]. By this definition, the
above equations become

d

dt
Jy(t) = −�Jz(t) + χ√

T
〈Jx〉[p̄L(ct,t)

− p̄L,α(ct − d1,t) + p̄L,β(ct − d2,t)], (A9)

d

dt
Jz(t) = �Jy(t), (A10)

∂t x̄L(r̃ ,t) = cχ√
T

Jz(t)[δ(ct − r̃) − δ(ct − r̃ − d1) cos α

+ δ(ct − r̃ − d2) cos β], (A11)

∂t p̄L(r̃ ,t) = − cχ√
T

Jz(t)[δ(ct − r̃ − d1) sin α

− δ(ct − r̃ − d2) sin β], (A12)

where we have defined the new light quadratures q̄L(r̃ ,t) =
q̄L(ct − r̃ ,t). To solve the equations for atoms, one must
first solve the equations for light. By integrating Eqs. (A11)
and (A12) over t on both sides, the Dirac delta functions are
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then turned into the Heaviside step functions �(·):
x̄L(r̃ ,t) = x̄L(r̃ ,0) + χ√

T
[Jz(r̃/c)�(t − r̃/c)

− Jz(r̃/c + d1/c)�(t − r̃/c − d1/c) cos α

+ Jz(r̃/c + d2/c)�(t − r̃/c − d2/c) cos β],

p̄L(r̃ ,t) = p̄L(r̃ ,0) − χ√
T

[Jz(r̃/c + d1/c)

�(t − r̃/c − d1/c) sin α − Jz(r̃/c + d2/c)

�(t − r̃/c − d2/c) sin β].

The light quadratures p̄L(ct,t), p̄L,α(ct − d1,t),
p̄L,β(ct − d2,t) in Eq. (A9) can then be calculated to
give, respectively,

p̄L(ct,t) = p̄L(ct,0), (A13a)

p̄L,α(ct − d1,t) = p̄L,α(ct − d1,0)

− χ√
T

Jz(t − d1/c) sin α, (A13b)

p̄L,β(ct − d2,t) = p̄L,β(ct − d2,0)

− χ√
T

[Jz(t − d2/c) sin β

+ Jz(t − d2/c + d1/c) sin(α − β)].

(A13c)

Obviously, these three-momentum quadratures are simultane-
ously ‘seen’ by the spin component Jz. At time t = t , the
piece r̃ = ct of the pulse enters the atomic sample for the
first time, therefore it contains, as can be seen in Eq. (A13a),
no information about atoms. The situation for the piece
ξ = ct − d1, however, is different. Since it sits in front of
ξ = ct at a distance d1, information on Jz was marked on
p̄L,α(ct − d1) at an earlier time c/d1 [see Eq. (A13b)]. The
piece r̃ = ct − d2 carries information about Jz at different
times [the two terms in square brackets in Eq. (A13c)], which
was picked up by this piece of light during its first and second
interactions with the atoms. Substituting (A13) into (A9), one

obtains
d

dt
Jy(t) = −�Jz(t) + χ2

T
〈Jx〉[Jz(t − d1/c) sin α

− Jz(t − d2/c) sin β

− Jz(t − d2/c + d1/c) sin(α − β)]

+ χ√
T

〈Jx〉[p̄L(ct,0) − p̄L,α(ct − d1,0)

+ p̄L,β (ct − d2,0)]. (A14)

Note that, in reality, the distances d1,2 along the optical path
are usually of the order of meters, which is much shorter than
the spatial extension of the spatially localized light modes, that
is, c/b (where b is assumed to be of the order of megahertz).
We therefore can neglect the spatial arguments of the light
operators in (A14) and, finally, arrive at Eq. (7) in the text.

APPENDIX B: IMPERFECTION OF THE SCHEME

So far, we have neglected the imperfections of the setup as
well as the noise effects. In deriving Eq. (2), we have used the
condition φ → 0, while in reality the angle φ is a small but
nonzero parameter, which transforms the total Hamiltonian
into

H = h̄�Jx + h̄χ√
T

[JzpL(0) + Jπ+φpL,α(d1)

+ J2π−φpL,β(d2)]. (B1)

As for noise effects, as mentioned in the text, on the one hand,
atoms undergo dissipation due to collisional relaxation and
weak excitation by the probe light, which causes decoherence
of the transverse components of the spin state at a rate of η̃/T .
On the other hand, light also suffers losses due to reflections
by the cell walls and incoherent scattering by atoms. Such
losses, affecting both the quantum variables and the classical
field, can be characterized by the reflection coefficient ζ .

By taking into account the effect of the small angle φ

and the atomic damping, the atomic evolution equations (A9)
and (A10), are changed into

d

dt
Jy(t)=−�Jz(t)− η̃

2T
Jy(t) + χ√

T
〈Jx〉[p̄L(ct,t)−

√
1 − ζ p̄L,α(ct − d1,t) cos φ +

√
1 − 2ζ p̄L,β(ct − d2,t) cos φ] +

√
η̃

T
fJy

,

(B2)

d

dt
Jz(t) = �Jy(t) − η̃

2T
Jz(t) − χ√

T
〈Jx〉[

√
1 − ζ p̄L,α(ct − d1,t) +

√
1 − 2ζ p̄L,β(ct − d2,t)] sin φ +

√
η̃

T
fJz

. (B3)

Each time the pulse transits through the ensemble, photon scattering losses occurs. Before the next transit of the pulse through
the atoms, it must cross two cell walls, which introduces photon reflection losses. These losses lead to a decrease in the total
photon number Nph and, thus, reduce the coupling strength in terms of χ → √

1 − (n − 1)ζχ , where n accounts for the nth
interaction of light with atoms. Here, we have neglected the light reflection by the first wall. Since the input light state involved
here is a coherent state, the losses due to the first crossing can always be compensated by using a more intense pulse [35]. The
loss process also affects the quantum variables and transforms (according to the text) the light quadratures of (A13) into

p̄L(ct,t) = p̄L(ct,0), (B4a)

p̄L,α(ct − d1,t) =
√

1 − ζ

[
p̄L,α(ct − d1,0) − χ√

T
Jz(t − d1/c) sin α

]
+

√
ζFLα,3(t), (B4b)

p̄L,β(ct − d2,t) =
√

1 − 2ζ

{
p̄L,β(ct − d2,0) − χ√

T
[Jz(t − d2/c) sin β−Jπ+φ(t − d2/c + d1/c) sin(α − β)]

}
+

√
2ζFLβ,6(t),

(B4c)
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where we have defined the collective light noise operators FLϑ,m = fLp,m cos ϑ − fLx,m sin ϑ . By inserting Eqs. (B4) into (B3)
and (B4), one may obtain the new evolutions for atoms:

∂t

(
Jy(t)
Jz(t)

)
= C1

(
Jy(t)
Jz(t)

)
+ C2

(
x̄L(ct,0)
p̄L(ct,0)

)
+ C3

(
FLα,3(t)
FLβ,6(t)

)
+

√
η

T

(
fJy

(t)
fJz

(t)

)
. (B5)

Here the coefficients matrix C1, C2, and C3 can easily be calculated to give

C1 = − 1

T

(
η̃

2 − κ2

2 (1 − 2ζ ) sin 2φ sin(α − β) �T − cos φκ2[S− − (1 − 2ζ ) cos φ sin(α − β)]
−�T + κ2(1 − 2ζ ) sin φ2 sin(α − β) η̃

2 − sin φκ2[S+ + (1 − 2ζ ) cos φ sin(α − β)]

)
, (B6)

C2 = − χ√
T

〈Jx〉
(− cos φS− −1 + cos φC−

sin φS+ sin φC+

)
, (B7)

C3 = − χ√
T

〈Jx〉
(

cos φ
√

(1 − ζ )ζ − cos φ
√

(1 − 2ζ )2ζ

sin φ
√

(1 − ζ )ζ sin φ
√

(1 − 2ζ )2ζ

)
, (B8)

with S± = (1 − ζ ) sin α ± (1 − 2ζ ) sin β, C± = (1 − ζ ) cos α ± (1 − 2ζ ) cos β. Equation (B5) can then be directly solved to
yield the input-output relation for the atoms,(

J out
y

J out
z

)
= C(T )

(
J in

y

J in
z

)
+ C(T )

∫ T

0
dτC−1(τ )

[
C2

(
x̄L(cτ,0)
p̄L(cτ,0)

)
+ C3

(
FLα,3(τ )
FLβ,6(τ )

)
+

√
η

T

(
fJy

(τ )
fJz

(τ )

)]
, (B9)

where C(t) = eC1t . Note that, unlike the ideal case, now the
light quadratures in (B9) cannot freely be canceled, since the
adjustment of the phase shifts α and β, on the other hand,
will amplify the noise effects of the light. As a result, there
exists an optimal choice of α and β, with which the amount of
squeezing can be maximized.

APPENDIX C: EFFECTS OF NONOVERLAPPING
OF LIGHT BEAMS

In the above derivation, we have assumed that the light
beam interacts with the same collective spin during each pass,
while in reality, in order to remove the light beam from the
sample in the third pass, the three spatial light modes should
not be completely overlapping, which leads to slightly different
collective-spin light couplings in each path. In other words,
the macroscopic spins seen by the beams in the three passes
would be slightly different. We here evaluate the effects of
nonoverlapping of light beams and evaluate its influence on
the unitary OAT scheme.

First, for simplicity, we neglect all the losses and assume
that the light beam in the first pass covers the entire sample,
which leads to the interaction V1 ∝ JzpL. For the second
and third interactions, because of the deviation of the light
propagating direction along z by an angle φ, the beams see
only part of the collective spin. The atoms in the sample
can be classified into three categories as follows: (i) Most
atoms see all three beams, forming a subcollective spin JI

(the common spin mode). (ii) Some atoms can only see
the beams in the first and second passes, described by the
collective spin JII. (iii) JIII denotes the collective spin seen
by the beam only during the first and third passes. By these
definitions, the second and third interactions are described
by V2 ∝ (JI,z + JII,z)pL,π/3 and V3 ∝ (JI,z + JIII,z)pL,2π/3,
respectively, where we have assumed φ � 1 and therefore
neglected those terms proportional to φ, for simplicity. Note
that here we have the relation Jz = JI,z + JII,z + JIII,z. To
model the continuous interaction between the moving atoms

and the light field, we can mathematically split the light pulse
into independent slices of duration τ0 = T/m (m is an integer)
and first consider the time evolution of the atomic sample
during this interval. If τ0 is small enough, the sample can
be treated as motionless atoms. During this interval, one can
derive the input-output relations for atoms according to the
Hamiltonian outlined above:

J out
z = J in

z ,

J out
y = J in

y + 1

2

χ√
m

(〈JIII,x〉 + 〈JII,x〉)pin
L

+
√

3

2

χ√
m

(〈JIII,x〉 − 〈JII,x〉)
(
x in

L + χJ in
z

)

+
√

3

2

χ2

m
(〈JIII,x〉 + 〈JI,x〉)

(
J in

I,z + J in
II,z

)
. (C1)

For a symmetrical setup of the light path which is assumed
here, it is reasonable to assume 〈JIII,x〉 = 〈JII,x〉. We then
define the new parameter � � 1, which describes the dis-
tinguishability of the light modes such that 〈JII,x〉 = 〈JIII,x〉 =
�〈JI,x〉 (the larger the �, the more distinguishable the three
light modes). Equation (C1) is then reduced to

J out
z = J in

z ,

J out
y = J in

y + �
χ√
m

〈JI,x〉pin
L

+ (1 + �)

√
3

2m
χ2〈JI,x〉

(
J in

I,z + J in
II,z

)
. (C2)

Equation (C2) indicates that (i) there is residual entanglement
between light and atoms which is proportional to the number
of atoms out of the common spin mode JI, and (ii) the spin-spin
entanglement induced by the OAT nonlinearity only appears
among those atoms covered by the beam in the second pass
(already in the first-pass beam), which we call the interaction
region (IR). From Eq. (C2) one can calculate the amount of
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squeezing,

ξ 2 = 1 + (1 + �)κ̃2

2(1 + 2�)
(κ̃2 + c2)

(
1 −

√
1 + 4

(κ̃2 + c2)2

)
, (C3)

where we have defined κ̃2 =
√

3
2m

(1 + �)κ2 and c2 = 2�2√
3(1+�)2 .

For a cold sample, atoms remain almost still during the time of
interactions, and thus, after the mth interaction, the squeezing
parameter for a high coupling strength and small � can be
approximately expressed as ξ 2 ≈ 4

3κ4 + 4
3κ2 �

2 + �, where the
first term stems from the unitary OAT evolution contributed
by JI, the second term arises because of the atom-light
entanglement from JII, and the last term comes from the shot
noise contributed by atoms out of the IR (JIII). We note that
when the spin loss is considered, the κ4 scaling of the first term
reduces to κ4/3, and the κ2 scaling of the second term reduces to
κ3/5 [17]. The scaling of the second term is consistent with that
of the DP scheme with no loss derived at the end of Sec. IV. In
the limit of very large κ , the last term � dominates and puts an
upper bound on the achievable squeezing, which is precisely
the shot-noise contribution from atoms which effectively
are not involved in the squeezing process. This result for
nonoverlapping beams in the cold-atom case is consistent with
that in Ref. [36], where nonuniform atom-light interaction
also leads to an atomic-shot-noise term in squeezing. If � is

small enough (� here is of the order of 10−2), one can neglect
the effects of atom-light entanglement in our scheme, and
thus the evolution of the spin system is effectively reduced
to two types: (i) OAT evolution in the IR and (ii) free evolution
outside the IR. In the vapor cell case, atoms enter and exit
from the IR many times during the interaction process (for
instance, in the above example an atom on average traverses
the IR 60 times). There are about M = C�

Nat
kinds of collective

spins that appear in the IR, where � = 1+�

1+2�
Nat denotes the

number of atoms in the IR. For simplicity, we assume that each
kind of collective spin experiences an evolution in the IR of
the same time duration oτ0 = T/M (where o = m/M is an
integer). Consequently, the time evolution operator for atoms
can be derived,

U = e
−iγ J 2

�1 ,z e
−iγ J 2

�2 ,z . . . e
−iγ J 2

�M ,z

= e
−iγ

(
C�−1

Nat−1

Nat∑
i=1

j 2
i,z+2C�−2

Nat−2

Nat∑
i,k=1,i �=k

ji,zjk,z

)
, (C4)

where we have defined γ = (1 − �)
√

3
4M

χ2, and J�i,z represents
the z component of the ith collective spin, while ji,z denotes
the z component of the ith atom. Still, for small �, Eq. (C4) can
be approximately expressed as U ≈ e−i

√
3(1−2�)χ2/4J 2

z , which
shows that the fast ballistic motion averages out the differences
in the light-atom interaction and reduces the coupling strength
by an amount proportional to �.
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